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REPRESENTATION OF AN INTEGER AS THE SUM OF A
PRIME IN ARITHMETIC PROGRESSION AND A
SQUARE-FREE INTEGER
KAM HUNG YAU
Abstract. Uniformly for small q and (a, q) = 1, we obtain an
estimate for the weighted number of ways a sufficiently large integer
can be represented as the sum of a prime congruent to a modulo
q and a square-free integer. Our method is based on the notion
of local model developed by Ramare´ and may be viewed as an
abstract circle method.
1. Introduction
The Goldbach conjecture states that every even integer greater than
two can be expressed as the sum of two primes. Although this re-
mains an open problem due to the parity phenomenon, there are vari-
ous progress and relaxations which contributes toward this direction.
Mordern sieve method can be traced back to the earlier works of
Brun. In 1920, Brun [1] showed that every sufficiently large even integer
can be written as the sum of two numbers which have together at most
nine prime divisors. Later, the celebrated result of Chen [3] established
that every sufficiently large even integer can be written as the sum of
a prime and a number with at most two prime factors.
Initiated by Linnik [15] in 1953, he showed that every sufficiently
large even integer can be written as a sum of two primes and at most K
powers of two, where K is an absolute constant although non-explicit.
Many authors had made K explicit where the best result K = 12 is
due to Liu & Lu¨ [17], improving the remarkable result K = 13 by
Heath-Brown & Puchta [11].
Another relaxation is the ternary Goldbach conjecture which states
that all odd integer greater than five is the sum of three primes. Vino-
gradov [23] developed a way to estimate sums over primes which com-
bined with the circle method showed the ternary Goldbach conjecture
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is true for all large odd integer greater than C > 0. Recently, Helf-
gott [12] completed the proof of ternary Goldbach conjecture by suffi-
ciently reducing the size C and verified that no counterexample exists
below C .
We also have results when we replace one of the primes in the Gold-
bach conjecture by a square-free integer. Estermann [6] obtained an
asymptotic formula for the number of representation of a sufficently
large integer as the sum of a prime and a square-free number. Later,
Page [20] improved on the error term of Estermann [6] and Mirsky [18]
improved and extended these results to count the number of represen-
tions of an integer as the sum of a prime and a k -free number. Recently,
Dudek [5] by tools of explicit number theory demonstrated that every
integer greater than two can be a sum of a prime and a square-free
integer.
In this paper we are motivated by a question posed in the PhD
thesis of Dudek [4, Chapter 6, Problem 8]. Specifically Dudek asked for
(a, q) = 1, can all sufficiently large integer without local obstruction be
a sum of a prime p such that p ≡ a (mod q) and a square-free integer.
There are mainly three advanced techniques for attacking certain
binary additive problems: circle method [22], sieve method [9] and
the dispersion method of Linnik [16]. Our method applied here is due
to Ramare´ [21] on his notion of local model, and can be viewed as
an abstract circle method. We remarked that Heath-Brown [10] had
already notice this connection for his alternate prove of Vinogradov’s
three prime theorem [23].
Lastly the techniques used here may be adapted for various other
binary additive problems. In particular, the author expects that it
should be possible to prove an asymptotic bound for the number of
representation of an integer as the sum of a square-free integer and a
prime p such that p+ 1 is square-free.
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2. Notation
The statements U = O(V ) and U ≪ V are both equivalent to
|U | ≤ c|V | for some fixed positive constant c. If c depends on a
parameter, say a, then we may write U = Oa(V ) or U ≪a V .
For completeness, we recall the following standard notation in ana-
lytic number theory.
a | b : a divides b.
a ∤ b : a does not divide b.
p : with or without subscript is exclusively a prime number.
pα || n : means pα | n but pα+1 ∤ n.
(a1, . . . , an) : the greatest common divisor of a1, . . . , an.
[b1, . . . , bn] : the lowest common multiple of b1, . . . , bn.
σ(n) : the sum of all positive divisors of n.
ϕ(n) : the number of integers in [1, n] coprime to n.
µ : the Mo¨bius function.
Λ : the von Mangoldt function.
a ≡ b[k] : means a ≡ b (mod k).
er(t) : is exp(2piit/r).
n∑∗
a=1
: a summation over the integers in [1, n] coprime to n.
cr(k) : the Ramanujan sum
r∑∗
a=1
er(ka).
1S : is 1 if S is true and 0 otherwise.
L : is logN .
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3. Main result
We denote
Ra,q(N) =
∑
N=p+n
p≡a[q]
µ2(n) log p
to be the weighted number of representations for N as the sum of a
prime congruent to a modulo q and a square-free integer.
We now state a bound for Ra,q(N) which is uniform for small q .
Theorem 3.1. Let C1, C2 > 0 then we have
Ra,q(N) = Sa,q(N)N
{
1 +OC1,C2
(
L−C2
)}
uniformly for (a, q) = 1 and q ≤ LC1 . The singular series is given by
Sa,q(N) =
6
ϕ(q)pi2
∞∏
p=2
(p,q)=1
(
1 +
cp(N)
(p2 − 1)(p− 1)
)∏
p||q
(
1−
cp(N − a)
p2 − 1
)
×
∏
p2|q
(
1−
cp(N − a) + cp2(N − a)
p2 − 1
)
.
The implied constant in the reminder term is ineffective as the Siegel-
Walfisz Theorem is ineffective. In view of Lemma 5.3, we can rewrite
the singular series in a more rudimentary form
Sa,q(N)
= 1∀p,p2∤(q,N−a) ·
6
ϕ(q)pi2
∏
p|N
p∤q
(
1 +
1
p2 − 1
) ∞∏
p=2
p∤Nq
(
1−
1
(p2 − 1)(p− 1)
)
×
∏
p||q
p|(N−a)
(
1−
1
p + 1
) ∏
p||q
p∤(N−a)
(
1 +
1
p2 − 1
) ∏
p2|q
p∤(N−a)
(
1 +
1
p2 − 1
)
×
∏
p2|q
p||(N−a)
(
1 +
1
p2 − 1
)
.
Observe that when we take q = 1 in Theorem 3.1, we obtain a
special case of Mirsky [18] (after weighing but with a weaker error
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term). Indeed our singular series simplifies to
S0,1(N) =
∞∏
p=2
(
p2 − 1
p2
) ∞∏
p=2
p|N
(
1 +
1
p2 − 1
) ∞∏
p=2
p∤N
(
1−
1
(p2 − 1)(p− 1)
)
=
∞∏
p=2
p∤N
(
p2 − 1
p2
−
1
p2(p− 1)
)
=
∞∏
p=2
p∤N
(
1−
1
p(p− 1)
)
.
Lastly if p21 | q and p
2
1 | (N−a) then it follows for all primes p ≡ a[q]
that N − p is never square-free and hence Ra,q(N) = 0. This coincide
exactly to the case when Sa,q(N) vanishes.
4. Outline of Method
For a more thorough exposition, see [21, Chapter 1,4 &17].
Our method will model that of [21, Chapter 19] where in there Ra-
mare´ proved an asymptotic bound for the number of representations
of a sufficiently large integer to be the sum of two square-free inte-
ger. We note that such result had already been obtained by Evelyn &
Linfoot [8] and later simplified by Estermann [7]. The best result is
achieved by Bru¨dern & Perelli [2].
We press forward and recall the definition of local and global product,
see (5.5) and (5.8) respectively.
Define H as an almost orthogonal system by the following collection
of information:
(i) a finite family (φ∗i )i∈I of elements of H ,
(ii) a finite family (Mi)i∈I of positive real numbers,
(iii) a finite family (ωi,j)i,j∈I of complex numbers with ωj,i = ωi,j
and ∥∥∥∥∥∑
i∈I
ξiϕ
∗
i
∥∥∥∥∥
2
≤
∑
i∈I
Mi|ξi|
2 +
∑
i,j∈I
ξiξjωi,j
for all (ξi)i∈I ∈ C
I .
The special case of choosing an orthogonal basis is enlightening. If
(φ∗i )i∈I were orthogonal then we may take Mi = ‖φ
∗
i ‖
2 and ωi,j =
[φ∗i |φ
∗
j ] for i, j ∈ I .
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Let (a, q) = 1, f(n) = Λ(n)1n≡a[q] and g(n) = µ
2(N − n). Observe
that the product gives
[f |g] =
∑
n≤N
Λ(n)1n≡a[q] · µ
2(N − n)
=
∑
N=n1+n2
n1≡a[q]
Λ(n1)µ
2(n2)
is the weighted number of representations for N to be a sum of a prime
congruent to a modulo q and a square-free integer. Our ultimate goal
is to compute [f |g] and we shall use the notion of local model to this
end.
Indeed let Q ⊆ N be a carefully chosen set of moduli, we construct
two local models (ρ∗q)q∈Q and (γ
∗
q )q∈Q to approximate f and g respec-
tively, and in some sense they are made to copy the distribution of f
and g in arithmetic progression respectively.
Next we take (1
2
∆∗q)q∈Q to be essentially the union of some linear
combination of (ρ∗q)q∈Q and (γ
∗
q )q∈Q , this will be the local model ac-
countable for both f and g . Furthermore for all q1, q2 ∈ Q, we set
Mq1 =
∑
t∈Q |[∆
∗
t |∆
∗
q1]| and ωq1,q2 = 0, see [21, Lemma 1.1]. This gives
rise to an almost orthogonal system and in particular will imply[
f −
1
2
∑
q∈Q
ξq(f)∆
∗
q
∣∣∣∣∣g − 12∑
q∈Q
ξq(g)∆
∗
q
]
is small in a suitable sense. The construction will also secure [∆∗q1 |∆
∗
q2
]
to be small when q1 6= q2 . Expanding the inner product, we have[
f −
1
2
∑
q∈Q
ξq(f)∆
∗
q
∣∣∣∣∣g−12∑
q∈Q
ξq(g)∆
∗
q
]
= [f |g]−
1
2
∑
q∈Q
ξq(f)[∆
∗
q |g]−
1
2
∑
q∈Q
ξq(g)[f |∆
∗
q]
+
1
4
∑
q1,q2∈Q
ξq1(f)ξq2(g)[∆
∗
q1|∆
∗
q2].
Here we take ξq(f) = [f |∆
∗
q]/Mq and ξq(g) = [g|∆
∗
q]/Mq as moti-
vated by the orthogonal case. Simplifying gives
[f |g] =
∑
q∈Q
[f |∆∗q ][∆
∗
q |g]
Mq
+O(R).
The error term can be shown to be sufficiently small by appealing to
the local model. The summand in the sum above can then be replaced
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by a tractable expression for which we can compute explicitly and the
result soon follows.
5. Preparations
5.1. Number theoretical considerations. We record here various num-
ber theoretical lemmas needed in subsequent sections. For complete-
ness we will also include several straightforward lemmas that may be
applied freely without reference.
First we recall the well-known orthogonality of exponential sums [19,
Equation 4.1].
Lemma 5.1. For any positive integer k , we have
k∑
a=1
ek(ar) =
{
k if r ≡ 0[k],
0 otherwise.
Next we recall the Chinese remainder theorem for not necessarily
coprime modulus [14, Theorem 3.12].
Lemma 5.2 (Chinese remainder theorem). Let ai, mi ∈ N for i =
1, . . . , n and L = [m1, . . . , mn]. The following system of congruences
x ≡ ai[mi] for i = 1, . . . , n is solvable if and only if ai ≡ aj[(mi, mj)]
for any 1 ≤ i, j ≤ n. If the system is solvable then x ≡ σ[L] for some
1 ≤ σ ≤ Land any two such x are congruent modulo L. Moreover,
(ai, mi) = 1 for 1 ≤ i ≤ n if and only if (σ, L) = 1.
We recall from [19, Theorem 4.1] some fundamental properties of
Ramanujan sums.
Lemma 5.3. For any positive integers n and r , the Ramanujan sum
cr(n) is a multiplicative function of r . Moreover we have
cr(n) =
∑
d|(r,n)
dµ
(r
d
)
=
µ(r/(r, n))
ϕ(r/(r, n))
ϕ(r),
and hence |cr(n)| = ϕ((r, n)). In particular
cp(n) =
{
−1 if p ∤ n,
ϕ(p) if p | n,
and cp2(n) =

0 if p ∤ n,
−p if p || n,
ϕ(p2) if p2 | n.
The next result provides an explicit expression for detecting equality
for divisors [21, Corollary 3.1].
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Lemma 5.4. For integer a ≥ 1 and any divisor d of a, we have∑
k|a
d|k
µ(k/d) = 1d=a.
We record below a sensational result which gives an estimate for the
number of primes in an arithmetic progression for small moduli [13,
Corollary 5.29].
Lemma 5.5 (Siegel-Walfisz). For any A,B > 0, we have∑
n≤N
n≡a[q]
Λ(n) =
N
ϕ(q)
+OA,B(NL
−B)
uniformly for (a, q) = 1 and q ≤ LA .
Finally we state an auxiliary lemma that we will need later.
Lemma 5.6. For all cubefree positive integers m and n, we have∑
d1|m
∑
d2|n
µ(m/d1)µ(n/d2)(d1, d2) = ϕ(m) · 1m=n.
Proof. Write n = n1n
2
2 and m = m1m
2
2 where µ
2(n1n2) = µ
2(m1m2) =
1. We factor our sum
µ2(n1)µ
2(n2)
∑
d1|m
µ
(
m
d1
)∑
d2|n1
µ
(
n1
d2
)
(d1, d2)
∑
d′2|n
2
2
µ
(
n22
d′2
)
(d1, d
′
2)
=
∑
d1|m
µ
(
m
d1
)∏
p|n1
((d1, p)− 1)
∏
p|n2
((d1, p
2)− (d1, p)).
If there exist a prime factor that divides n but not m then the sum
vanishes. Otherwise m = n and the sum simplifies to∏
p|m1
((m, p)− 1)
∏
p|m2
((m, p2)− (m, p))
=
∏
p|m1
(p− 1)
∏
p|m2
p(p− 1) = ϕ(m1)ϕ(m
2
2) = ϕ(m).
⊓⊔
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5.2. Arithmetic functions in arithmetic progression. The following re-
sult provides an asymptotic for the number of square-free integers in
an arithmetic progression.
Note that we canonically extend the characteristics function of the
square-free integers to negative integers by µ2(−n) = µ2(|n|). We
recall a result from [21, Lemma 19.1].
Lemma 5.7. For any ε > 0, we have∑
n≤N
n≡a[q]
µ2(N − n) = (N/q)γq(N − a) +Oε
(
qε
√
N/q
)
.
Here
γq(a) =

0 if there exists p2 | (a, q),
6
pi2
∏
p|q
p2
p2 − 1
∏
p||q
a≡0[p]
(
1−
1
p
)
otherwise.
As in the notation of [21, Chapter 19], we define
γ∗q =
∑
d|q
µ
(q
d
)
γd.
and
(5.1) t(q) =
∏
p|q
−1
p2 − 1
Note that in some sense γ∗q (N − n) is defined to imitate µ
2(N − n)
in arithmetic progression.
We recall the following result from [21, Lemma 19.2] which provides
an explicit expression for γ∗q .
Lemma 5.8. We have γ∗q (a) = 6t(q)cq(a)/pi
2 if q is a positive cubefree
integer, while if q has a cubic factor greater than 1 then γ∗q (a) = 0.
Let (a′, q′) = 1 and q be a positive cubefree integer, denote
(5.2) ρq(a) =
0 if (a, q) > 1 or (q, q
′) ∤ (a− a′),
q
ϕ([q, q′])
if (q, q′) | (a− a′) and (a, q) = 1.
To motivate the definition of ρq , consider the sum
S =
∑
n≤N
n≡a′[q′]
n≡a[q]
Λ(n).
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By the Chinese remainder theorem, the simultaneous congruence
equations is solvable if and only if (a, q) = 1 and (q, q′) | (a − a′). If
this is the case then for some 0 ≤ σ < [q, q′] we should expect
S =
∑
n≤N
n≡σ[[q,q′]]
Λ(n) = ρq(a)
N
q
+ o
(
N
ϕ([q, q′])
)
.
We remark that if a1 ≡ a2[q] then ρq(a1) = ρq(a2).
Lemma 5.9. For q1, q2 positive cubefree integers with (q1, q2) = 1, we
have
ρq1q2(a) = ϕ(q
′)ρq1(a)ρq2(a).
In particular for any positive integer a, ϕ(q′)ρq(a) is a multiplicative
function of q .
Proof. If (a, q1q2) > 1 then either (a, q1) > 1 or (a, q2) > 1. If
(q1q2, q
′) ∤ (a− a′) then we have (q1, q
′) ∤ (a− a′) or (q2, q
′) ∤ (a− a′).
Consequently for both cases we obtain
ρq1q2(a) = ρq1(a)ρq2(a) = 0.
Clearly (q1q2, q
′) | (a− a′) and (a, q1q2) = 1 if and only if we satisfy
both the conditions{
(q1, q
′) | (a− a′) and (a, q1) = 1,
(q2, q
′) | (a− a′) and (a, q2) = 1.
Hence it is enough to show
ϕ(q′)ϕ([q1q2, q
′]) = ϕ([q1, q
′])ϕ([q2, q
′]).
Let us recall the identity ab = [a, b] · (a, b) for all positive integers
a, b. Consequently
ϕ(q′)ϕ([q1q2, q
′]) = ϕ(q′)ϕ
(
q1q2q
′
(q1, q′)(q2, q′)
)
= ϕ(q′)ϕ
(
[q1, q
′] · [q2, q
′]
q′
)
= ϕ(q′)ϕ([q1, q
′])ϕ
(
[q2, q
′]
q′
)
= ϕ([q1, q
′])ϕ([q2, q
′])
since (
[q1, q
′],
[q2, q
′]
q′
)
=
(
q′,
[q2, q
′]
q′
)
= 1.
The result follows immediately. ⊓⊔
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We are now ready to define our local approximation for f . Set
ρ∗q(c) =
∑
d|q
µ
(q
d
)
ρd(c)
for any positive cubefree integer q .
The next result provides an explicit expression for ρ∗q .
Lemma 5.10. Let q = q1q
2
2 with µ
2(q1q2) = 1. If a1 ≡ a2[q] then
ρ∗q(a1) = ρ
∗
q(a2). For any positive integer a, ϕ(q
′)ρ∗q(a) is a multiplica-
tive function of q . Furthermore
ρ∗q(a) = 1q22 |q′ ·
µ(q1/(q1, q
′))cq1/(q1,q′)(a)c(q1,q′)q22(a− a
′)
ϕ(q′)ϕ(q1/(q1, q′))
.
Proof. We note that if a1 ≡ a2[q] then a1 ≡ q2[d] for all divisors d of
q . Hence
ρ∗q(a1) =
∑
d|q
µ(q/d)ρd(a1) =
∑
d|q
µ(q/d)ρd(a2) = ρ
∗
q(a2).
Appealing to Lemma 5.9, ϕ(q′)ρ∗q is a Dirichlet convolution of two
multiplicative functions, hence ϕ(q′)ρ∗q is multiplicative in q . Therefore
we factor
ϕ(q′)ρ∗q = ϕ(q
′)ρ∗q1 · ϕ(q
′)ρ∗q22
.
We first consider ϕ(q′)ρ∗q1 . Recall that ρ1(a) = 1/ϕ(q
′) and so
ϕ(q′)ρ∗p(a) = ϕ(q
′)ρp(a)− 1.
From (5.2), we check
(5.3) ϕ(q′)ρ∗p(a) =

−1 if p ∤ q′, p | a,
1/(p− 1) if p ∤ q′, p ∤ a,
−1 if p | q′, p ∤ (a− a′),
p− 1 if p | q′, p | (a− a′).
In the last line, we note that the condition implies that (a, p) = 1 since
(a′, q′) = 1. Therefore
ϕ(q′)ρ∗q1(a) =
∏
p|q1
p∤q′
p|a
(−1)
∏
p|q1
p∤q′
p∤a
1
p− 1
∏
p|(q1,q′)
p∤(a−a′)
(−1)
∏
p|(q1,q′)
p|(a−a′)
(p− 1)
=
µ(q1/(q1, q
′))cq1/(q1,q′)(a)c(q1,q′)(a− a
′)
ϕ(q1/(q1, q′))
.
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Lastly, we turn to ϕ(q′)ρ∗
q22
and we see for any p2 | q22 that
ϕ(q′)ρ∗p2(a) =
∑
d|p2
µ(p2/d)ϕ(q′)ρd(a) = ϕ(q
′)ρp2(a)− ϕ(q
′)ρp(a).
We readily check that ϕ(q′)ρ∗p2(a) is
0 if (p2, q′) = 1, p ∤ a,
0 if (p2, q′) = p, p ∤ a, p | (a− a′),
0 if (p2, q′) = p, p ∤ a, p ∤ (a− a′),
0 if (p2, q′) = p2, p ∤ a, p ∤ (a− a′),
−p if (p2, q′) = p2, p ∤ a, p || (a− a′),
p(p− 1) if (p2, q′) = p2, p ∤ a, p2 | (a− a′),
0 if p | a.
We condense the expression to the simpler
ϕ(q′)ρ∗p2(a) =

0 if (p2, q′) ≤ p,
0 if p2 | q′, p ∤ (a− a′),
−p if p2 | q′, p || (a− a′),
p(p− 1) if p2 | q′, p2 | (a− a′)
since (a′, q′) = 1. Hence we obtain
ϕ(q′)ρ∗q22
(a) = 1q22|q′ · cq22(a− a
′).
The result follows immediately. ⊓⊔
5.3. Local Hermitian product. In this section we compute various local
Hermitian products explicitly.
We denote
(5.4) ϑ∗q(a) = γ
∗
q (N − a)
for all positive cubefree integer q .
For fixed q , we denote F (Z/qZ) to be the vector space of complex
valued functions over Z/qZ. We endow this vector space with the local
Hermitian product by setting
(5.5) [f |g]q =
1
q
∑
n mod q
f(n)g(n)
for all f, g ∈ F (Z/qZ).
We now state an explicit expression for the norms of ϑ∗q and ρ
∗
q .
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Lemma 5.11. For all q = q1q
2
2 with µ
2(q1q2) = 1, we have
‖ϑ∗q‖
2
q =
(
6t(q)
pi2
)2
ϕ(q)
and
‖ρ∗q‖
2
q = 1q22 |q′ ·
ϕ(q22)ϕ((q1, q
′))2
ϕ(q′)2ϕ(q1)
.
Proof. The expression for ‖ϑ∗q‖
2
q can be derived as in [21, Equation
(19.10)].
Write
‖ρ∗q‖
2
q =
1
qϕ(q′)2
∑
a mod q
∣∣ϕ(q′)ρ∗q(a)∣∣2
=
1
qϕ(q′)2
S(q), say.
If q22 ∤ q
′ then we are done since ρ∗q = 0 by Lemma 5.10. Otherwise, by
the Chinese remainder theorem we factor
S(q) = S(q1)S(q
2
2)
=
∏
p|q1
S(p)
∏
p2|q22
S(p2).
Appealing to (5.3), we readily check
S(p) =
{
1 + 1/(p− 1) = p/(p− 1) if p ∤ q′,
(p− 1)2 + (p− 1) = p(p− 1) if p | q′.
By Lemma 5.10, expanding the Ramanujan sum and interchanging
the summation, we obtain
S(p2) =
∑
a mod p2
|cp2(a− a
′)|
2
=
p2∑∗
r1=1
p2∑∗
r2=1
ep2 (a
′(r2 − r1))
∑
a mod p2
ep2 (a(r1 − r2)) .
By orthogonality, we get
S(p2) = p2ϕ(p2).
14 K. H. YAU
It follows
‖ρ∗q‖
2
q =
1
qϕ(q′)2
∏
p|q1
S(p)
∏
p|q2
S(p2)
=
1
qϕ(q′)2
∏
p|q1
p∤q′
p
p− 1
∏
p|q1
p|q′
p(p− 1)
∏
p|q2
(p2ϕ(p2))
=
1
ϕ(q′)2
∏
p|q1
p∤q′
1
p− 1
∏
p|q1
p|q′
(p− 1)
∏
p|q2
ϕ(p2)
=
ϕ(q22)ϕ((q1, q
′))2
ϕ(q′)2ϕ(q1)
since (
(q1, q
′),
q1
(q1, q′)
)
= 1.
⊓⊔
For all positive cubefree integer q , we denote
b(q) =
q∑∗
r=1
eq (rN)hq(r)
where
hq(r) =
∑
a mod q
ϕ(q′)ρ∗q(a)eq (−ra) .
We now state a result which provides an explicit expression for b(p)
and b(p2).
Lemma 5.12. The function b(q) is a multiplicative function of q . More-
over we have
b(p) =

−pcp(N)
ϕ(p)
if p ∤ q′,
pcp(N − a
′) if p | q′,
and
b(p2) = 1p2|q′ · p
2cp2(N − a
′).
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Proof. For positive cubefree integers q1, q2 with µ
2(q1q2) = 1, we have
by the Chinese remainder theorem
hq1q2(r) =
∑
a1 mod q1
a2 mod q2
ϕ(q′)ρ∗q1q2(a1q2 + a2q1)eq1 (−ra1) eq2 (−ra2)
=
∑
a1 mod q1
a2 mod q2
ϕ(q′)ρ∗q1(a1)ϕ(q
′)ρ∗q2(a2)eq1 (−ra1) eq2 (−ra2)
= hq1(r)hq2(r)
where in the second line we used Lemma 5.10. Similarly, we show that
b(q) is a multiplicative function in q .
First we assume that (p, q′) = 1, appealing to (5.3) we get
b(p) =
p−1∑
r=1
ep (rN)
{
−1
p− 1
− 1 +
1
p− 1
∑
a mod p
ep (−ra)
}
.
Since (r, p) = 1 and hence by orthogonality we have
b(p) =
−p
ϕ(p)
p−1∑
r=1
ep (rN) =
−pcp(N)
ϕ(p)
.
Now assume p | q′ and appealing to (5.3) we obtain
b(p)
=
p−1∑
r=1
ep (rN)
{
(p− 1)ep (−ra
′) + ep (−ra
′)−
∑
a mod p
ep (−ra)
}
.
Since (r, p) = 1, orthogonality gives
b(p) = p
p−1∑
r=1
ep (r(N − a
′))
= pcp(N − a
′).
Next we consider b(p2). If p2 ∤ q′ then we are done, otherwise ex-
panding the Ramanujan sum and interchanging summation, we obtain
b(p2) =
p2∑∗
r=1
ep2 (rN)
∑
a mod p2
cp2(a− a
′)ep2 (−ra)
=
p2∑∗
r=1
p2∑∗
r1=1
ep2 (rN) ep2 (−ra
′)
∑
a mod p2
ep2 (a(r1 − r)) .
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Appealing to orthogonality then gives
b(p2) = p2
p2∑∗
r=1
ep2 (r(N − a
′))
= p2cp2(N − a
′).
⊓⊔
Next, we derive an explicit expression for the cross product [ϑ∗q |ρ
∗
q ]q .
Lemma 5.13. For all q = q1q
2
2 with µ
2(q1q2) = 1, we have
[ϑ∗q |ρ
∗
q ]q = 1q22 |q′ ·
6t(q)cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
pi2ϕ(q′)µ(q1/(q1, q′))ϕ(q1/(q1, q′))
.
Proof. If q22 ∤ q
′ then we are done, otherwise
[ϑ∗q |ρ
∗
q]q =
1
q
∑
a mod q
γ∗q (N − a)ρ
∗
q(a)
=
6t(q)
pi2qϕ(q′)
∑
a mod q
cq(N − a)ϕ(q
′)ρ∗q(a)
=
6t(q)
pi2qϕ(q′)
q∑∗
r=1
eq (rN)
∑
a mod q
ϕ(q′)ρ∗q(a)eq (−ra) .
Therefore by the previous lemma, we arrive at
[ϑ∗q |ρ
∗
q]q =
6t(q)
pi2qϕ(q′)
b(q)
=
6t(q)
pi2qϕ(q′)
∏
p|q1
b(p)
∏
p|q2
b(p2)
= 1q22 |q′ ·
6t(q)
pi2qϕ(q′)
∏
p|q1
p∤q′
−pcp(N)
ϕ(p)
∏
p|q1
p|q′
pcp(N − a
′)
∏
p|q2
p2cp2(N − a
′)
= 1q22 |q′ ·
6t(q)µ(q1/(q1, q
′))
pi2ϕ(q′)
cq1/(q1,q′)(N)
ϕ(q1/(q1, q′))
c(q1,q′)q22(N − a
′)
and the result follows. ⊓⊔
5.4. Local models and their products. For positive cubefree integer
q = q1q
2
2 with µ
2(q1q2) = 1, we denote
(5.6) η∗q =
1
2
(
pi2
6t(q)
ϑ∗q +
ϕ(q′)ϕ(q1/(q1, q
′))
µ(q1/(q1, q′))
ρ˜∗q
)
,
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(5.7) κ∗q =
1
2
(
pi2
6t(q)
ϑ∗q −
ϕ(q′)ϕ(q1/(q1, q
′))
µ(q1/(q1, q′))
ρ˜∗q
)
,
where
ρ˜∗q(a) =
µ(q1/(q1, q
′))cq1/(q1,q′)(a)c(q1,q′)q22(a− a
′)
ϕ(q′)ϕ(q1/(q1, q′))
is just ρ∗q but without the divisibility condition on q
′ , see Lemma 5.10.
In particular, we can write
ρ∗q = 1q22|q′ · ρ˜
∗
q .
Below, we compute the norms of η∗q and κ
∗
q .
Lemma 5.14. We have
‖η∗q‖
2
q =
1
2
(
ϕ(q) + cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
)
,
‖κ∗q‖
2
q =
1
2
(
ϕ(q)− cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
)
,
and
[η∗q |κ
∗
q ]q = [κ
∗
q |η
∗
q ]q = 0.
Proof. The norms for η∗q and κ
∗
q follows immediately from Lemma 5.11, 5.13
and that both ϑ∗q and ρ
∗
q are real valued.
Showing
[η∗q |κ
∗
q]q = [κ
∗
q|η
∗
q ]q = 0
also follows from Lemma 5.11, 5.13. ⊓⊔
Note that ‖η∗q‖
2
q 6= 0 and ‖κ
∗
q‖
2
q = 0 when
q1
(q1, q′)
| N and (q1, q
′)q22 | (N − a
′).
We denote F (N) to be the vector space of all complex valued func-
tions on the positive integers. We endow the global hermitian product
(5.8) [f |g] =
∑
n≤N
f(n)g(n)
for all f, g ∈ F (N). Next, we will show there is a Hermitian relation-
ship between the global and local products.
Given a function h ∈ F (Z/qZ), we denote ∇q(h) to be a function
on [1, N ] defined by
∇q(h)(x) = h(x mod q).
This peculiarity is particularly important for the global Hermitian prod-
uct.
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For a function j ∈ F ([1, N ]), we denote ∆q(j) to be a function on
the positive integers such that
∆q(j)(x) = q
∑
n≤N
n≡x[q]
j(n).
For h1 ∈ F ([1, N ]) and h2 ∈ F (Z/qZ), we readily check that
(5.9) [∆q(h1)|h2]q = [h1|∇q(h2)].
Indeed
[∆q(h1)|h2]q =
∑
a mod q
∑
n≤N
n≡a[q]
h1(n)h2(a)
=
∑
n≤N
h1(n)h2(n mod q)
= [h1|∇q(h2)].
Let us set
φ∗q = ∇qη
∗
q and ψ
∗
q = ∇qκ
∗
q .
Now we are ready to define a local model which encompass both f
and g , these will be the union of (φ∗q) and (ψ
∗
q ) but we exclude φ
∗
q , ψ
∗
q
which are zero.
Now we compute the cross products of these local models.
Lemma 5.15. For all positive cubefree integers m and n, we have
[φ∗m|φ
∗
n] = N‖η
∗
m‖
2
m · 1m=n +O(σ(m)σ(n)),
[ψ∗m|ψ
∗
n] = N‖κ
∗
m‖
2
m · 1m=n +O(σ(m)σ(n)),
[ψ∗m|φ
∗
n] = [φ
∗
m|ψ
∗
n] = O(σ(m)σ(n)).
Proof. Write m = m1m
2
2 and n = n1n
2
2 with µ
2(m1m2) = µ
2(n1n2) =
1. By appealing to (5.4), (5.6), Lemma 5.8 and 5.10, we expand
[φ∗m|φ
∗
n] =
1
4
(S1 + S2 + S3 + S4) ,
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where
S1 =
∑
n≤N
cm(N − n)cn(N − n),
S2 =
∑
n≤N
cm(N − n)cn1/(n1,q′)(n)c(n1,q′)n22(n− a
′),
S3 =
∑
n≤N
cn(N − n)cm1/(m1,q′)(n)c(m1,q′)m22(n− a
′),
S4 =
∑
n≤N
cm1/(m1,q′)(n)c(m1,q′)m22(n− a
′)cn1/(n1,q′)(n)c(n1,q′)n22(n− a
′).
Using the explicit form of ϑ∗q and applying Lemma 5.3, we have
S1 =
∑
n≤N
∑
d1|m
d1|(N−n)
∑
d2|n
d2|(N−n)
d1µ(m/d1)d2µ(n/d2)
=
∑
d1|m
∑
d2|n
d1µ(m/d1)d2µ(n/d2)
∑
n≤N
n≡N [[d1,d2]]
1
= N
∑
d1|m
∑
d2|n
d1µ(m/d1)d2µ(n/d2)
[d1, d2]
+O(σ(m)σ(n))
= N
∑
d1|m
∑
d2|n
µ(m/d1)µ(n/d2)(d1, d2) +O(σ(m)σ(n)).
By Lemma 5.6, we get
S1 = Nφ(m) · 1m=n +O(σ(m)σ(n)).
Next we deal with S4 . Expanding each for the four Ramanujan sum
and taking the summation over n inside, we obtain
S4 =
∑
d1|m1/(m1,q′)
d2|n1/(n1,q′)
d1µ
(
m1
d1(m1, q′)
)
d2µ
(
n1
d2(n1, q′)
)
×
∑
d3|(m1,q′)m22
d4|(n1,q′)n22
d3µ
(
(m1, q
′)m22
d3
)
d4µ
(
(n1, q
′)n22
d4
) ∑
n≤N
n≡0[di],i=1,2
n≡a′[dj ],j=3,4
1.
Observe that (d1, d3) = (d1, d4) = (d2, d3) = (d2, d4) = 1 since m
2
2 | q
′
and n22 | q
′ . By the Chinese reminder theorem, the system of con-
gruences in the summation over n can be reduced to one congruence
n ≡ σ[[d1, d2, d3, d4]] for some σ . Since (d1, d3) = (d2, d4) = 1, we
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verify that
[d1, d2, d3, d4] = [d1d3, d2d4].
Next, we glue the variables d1, d3 and d2, d4 together and get
S4 = N
∑
d1|m
d2|n
d1µ(m/d1)d2µ(n/d2)
[d1, d2]
+O(σ(m)σ(n)).
By Lemma 5.6, we obtain
S4 = Nϕ(m) · 1m=n +O(σ(m)σ(n)).
Now we consider S2 . Again, expanding the Ramanujan sums and
interchanging summations, we get
S2 =
∑
d1|m
d1µ
(
m
d1
) ∑
d2|n1/(n1,q′)
d2µ
(
n1
d2(n1, q′)
)
×
∑
d3|(n1,q′)n22
d3µ
(
(n1, q
′)n22
d3
) ∑
n≤N
n≡N [d1]
n≡0[d2]
n≡a′[d3]
1.
Since (d2, d3) = 1, the system of congruence in the inner sum is solvable
if and only if (d1, d3) | (N − a
′) and (d1, d2) | N . It follows by the
Chinese remainder theorem that
S2 =M +O(σ(m)σ(n))
where
M =N
∑
d1|m
d1µ
(
m
d1
) ∑
d2|n1/(n1,q′)
(d1,d2)|N
d2µ
(
n1
d2(n1, q′)
)
×
∑
d3|(n1,q′)n22
(d1,d3)|(N−a′)
d3µ((n1, q
′)n22/d3)
[d1, d2d3]
.
The dependency on the divisibility condition over the summation of d2
and d3 is troublesome. We deal with this by Lemma 5.4 and observe
that
1(d1,d3)|(N−a′) =
∑
t|(N−a′)
t|(d1,d3)
1t=(d1,d3) =
∑
t|(N−a′)
t|(d1,d3)
∑
k|(d1,d3)
t|k
µ(k/t)
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and
1(d1,d2)|N =
∑
t′|N
t′|(d1,d2)
1t′=(d1,d2) =
∑
t′|N
t′|(d1,d2)
∑
k′|(d1,d2)
t′|k′
µ(k′/t′).
Substituting this into M and gluing the variables d2 and d3 and notic-
ing that (k, k′) = 1 since (d2, d3) = 1, k
′ | d2 and k | d3 , we assert
M =N
∑
t′|N
t′|k′|(
n1
(n1,q
′)
,m)
∑
t|(N−a′)
t|k|((n1,q′)n22,m)
µ
(
k
t
)
µ
(
k′
t′
)
kk′
×
∑
d1|
m
kk′
µ
(
m
d1kk′
) ∑
d2|
n
kk′
µ
(
n
d2kk′
)
(d1, d2).
If m 6= n then M = 0 by Lemma 5.6. If m = n then again by
Lemma 5.6, we get
M = N
∑
t′|N
t′|k′|
n1
(n1,q
′)
∑
t|(N−a′)
t|k|(n1,q′)n22
µ
(
k
t
)
µ
(
k′
t′
)
kk′ϕ
( n
kk′
)
.
Notice that for k′ | n1
(n1,q′)
and k | (n1, q
′)n22 , we rewrite the Euler totient
function as a Dirichlet convolution
ϕ
( n
kk′
)
=
∑
s| n
kk′
sµ
( n
skk′
)
=
∑
d1|
n1
(n1,q
′)k′
d1µ
(
n1
k′d1(n1, q′)
) ∑
d2|
(n1,q
′)n22
k
d2µ
(
(n1, q
′)n22
kd2
)
.
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Substituting this into the above and interchanging summation, we ob-
tain
M =N
∑
t′|N
t′|k′|
n1
(n1,q
′)
∑
t|(N−a′)
t|k|(n1,q′)n22
µ
(
k
t
)
µ
(
k′
t′
)
×
∑
d1|
n1
(n1,q
′)k′
k′d1µ
(
n1
k′d1(n1, q′)
) ∑
d2|
(n1,q
′)n2
2
k
kd2µ
(
(n1, q
′)n22
kd2
)
=N
∑
d1|
n1
(n1,q
′)
d1µ
(
n1
d1(n1, q′)
) ∑
d2|(n1,q′)n22
d2µ
(
(n1, q
′)n22
d2
)
×
∑
t′|N
t′|d1
∑
k′|d1
t′|k′
µ
(
k′
t′
) ∑
t|(N−a′)
t|d2
∑
k|d2
t|k
µ
(
k
t
)
.
From Lemma 5.3 we notice
1d1|N =
∑
t′|N
t′|d1
1t′=d1 =
∑
t′|N
t′|d1
∑
k′|d1
t′|k′
µ(k′/t′)
and
1d2|(N−a′) =
∑
t|(N−a′)
t|d2
1t=d2 =
∑
t|(N−a′)
t|d2
∑
k|d2
t|k
µ(k/t).
Therefore the sum M in question collapses into
M =
∑
d1|
n1
(n1,q
′)
d1|N
d1µ
(
n1
d1(n1, q′)
) ∑
d2|(n1,q′)n22
d2|(N−a′)
d2µ
(
(n1, q
′)n22
d2
)
= cn1/(n1,q′)(N)c(n1,q′)n22(N − a
′).
Hence we have
S2 = Ncn1/(n1,q′)(N)c(n1,q′)n22(N − a
′) · 1m=n +O(σ(m)σ(n)).
Similarly we also have
S3 = Ncm1/(m1,q′)(N)c(m1,q′)m22(N − a
′) · 1m=n +O(σ(m)σ(n)).
Gathering all the estimates above, we finally get
[φ∗m|φ
∗
n] =
1m=n ·N
2
(
ϕ(m) + cm1/(m1,q′)(N)c(m1,q′)m22(N − a
′)
)
+O(σ(m)σ(n))
and the result follows from Lemma 5.14.
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The remaining bounds for [ψ∗m|ψ
∗
n], [ψ
∗
m|φ
∗
n] and [φ
∗
m|ψ
∗
n] follows im-
mediately from our computation of S1, S2, S3, S4 . ⊓⊔
5.5. Approximating f and g . In this section we impose implicitly the
condition
q′ ≤ LC1 .
Take our set of moduli to be
(5.10) Q =
{
q1q
2
2 : q1 ≤ Q1, q2 ≤ Q2, µ
2(q1q2) = 1
}
.
Here
Q1 = L
D1 and Q2 = L
D2,
where D1, D2 ≥ C1 will be chosen later. We also set
Q = max{Q1, Q2}
and in particular this implies q′ ≤ Q≪ε N
ε .
Finally, we recall (a′, q′) = 1 and let
(5.11) f(n) = Λ(n) · 1n≡a′[q′]
and
(5.12) g(n) = µ2(N − n)
for all n ≤ N .
Lemma 5.16. For any A > 0 and q ∈ Q, we have
[φ∗q|f ] = N [η
∗
q |ρ
∗
q ]q +O
(
q2NL−A
)
,
[φ∗q|g] = N [η
∗
q |ϑ
∗
q]q +O
(
q3/2+εN1/2
)
,
and
[ψ∗q |f ] = −N [κ
∗
q |ρ
∗
q ]q +O
(
q2NL−A
)
,
[ψ∗q |g] = N [κ
∗
q |ϑ
∗
q ]q +O
(
q3/2+εN1/2
)
.
In particular, we have
|[φ∗q|f ]|+ |[ψ
∗
q |f ]| ≪ 1q22|q′ ·Nϕ((q1, q
′)q22)ϕ(q
′)−1 + q2NL−A
and
|[φ∗q|g]|+ |[ψ
∗
q |g]| ≪ N |t(q)|ϕ(q) + q
3/2+εN1/2.
All implied constant above may depend on A,C1, D1, D2, ε.
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Proof. By (5.9), we get
[∇qη
∗
q |f ] = [η
∗
q |∆qf ]q
= [η∗q |Nρq]q + [η
∗
q |∆qf −Nρq]q.
Note that by (5.6) and (5.7), we have
(5.13) ρ∗q =
1q22 |q
′ · µ(q1/(q1, q
′))
ϕ(q′)ϕ(q1/(q1, q′))
(η∗q − κ
∗
q).
By the Mo¨bius inversion formula that
ρq =
∑
d|q
ρ∗d,
and it follows
[η∗q |ρq]q =
∑
d|q
[η∗q |ρ
∗
d]q
=
1q22 |q
′ · µ(q1/(q1, q
′))
ϕ(q′)ϕ(q1/(q1, q′))
∑
d|q
(
[η∗q |η
∗
d]q − [η
∗
q |κ
∗
d]q
)
.
Following the proof of Lemma 5.15 the summand is zero unless d = q ,
and hence [η∗q |ρq]q = [η
∗
q |ρ
∗
d]q . It follows
[η∗q |ρq]q =
1q22 |q
′ · µ(q1/(q1, q
′))
2φ(q′)ϕ(q1/(q1, q′))
(
ϕ(q) + cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
)
≪ 1q22 |q′ · ϕ((q1, q
′)q22)ϕ(q
′)−1.
Write
[η∗q |∆qf −Nρq]q =
1
2
(S1 + S2)
where
S1 =
∑
a mod q
cq(N − a)
∑
n≤N
n≡a[q]
f(n)−
N
q
ρq(a)
 ,
S2 =
∑
a mod q
cq1/(q1,q′)(a)c(q1,q′)q22(a− a
′)
∑
n≤N
n≡a[q]
f(n)−
N
q
ρq(a)
 .
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We crudely bound using the Siegel-Walfisz Theorem (Lemma 5.5) to
get
S1, S2 ≤ q
2 max
a mod q
∣∣∣∣∣ ∑
n≤N
n≡a[q]
f(n)−
N
q
ρq(a)
∣∣∣∣∣
≪A,C1,D1,D2 q
2NL−A.
Next we turn to [φ∗q|g]. Similarly we get
[∇qη
∗
q |g] = [η
∗
q |∆qg]q
= [η∗q |Nϑq]q + [η
∗
q |∆qg −Nϑq]q.
Note that by (5.6) and (5.7), we have
(5.14) ϑ∗q =
6t(q)
pi2
(η∗q + κ
∗
q).
By the Mo¨bius inversion formula, we have
ϑq =
∑
d|q
ϑ∗q ,
and it follows
[η∗q |ϑq]q =
∑
d|q
[η∗q |ϑ
∗
d]q
=
6t(q)
pi2
∑
d|q
(
[η∗q |η
∗
d]q + [η
∗
q |κ
∗
d]q
)
.
Again following the proof of Lemma 5.15, the summand vanishes unless
d = q , and hence [η∗q |ϑq]q = [η
∗
q |ϑ
∗
d]q . Therefore
[η∗q |ϑq]q =
3t(q)
pi2
(
ϕ(q) + cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
)
≪ |t(q)|ϕ(q).
We can deal with [η∗q |∆qg − Nϑq]q just like above but we apply
Lemma 5.7 instead of Lemma 5.5 to get
[η∗q |∆qg −Nϑq]q ≪ε q
3/2+εN1/2.
The bounds for [ψ∗q |f ] and [ψ
∗
q |g] follows similarly. ⊓⊔
Denote
E =
{
q1q
2
2 ∈ Q :
q1
(q1, q′)
| N, (q1, q
′)q22 | (N − a
′)
}
and note that ‖κ∗q‖q = 0 if and only if q ∈ E .
Now we give upper and lower bounds for these norms.
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Lemma 5.17. For all q = q1q
2
2 ∈ Q, we have
ϕ(q)/4 ≤ ‖η∗q‖
2
q ≤ ϕ(q).
The same holds when we replace (η∗q ,Q) with (κ
∗
q ,Q\E).
Proof. From Lemma 5.14, we get
‖η∗q‖
2
q =
1
2
(
ϕ(q) + cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
)
.
Clearly
|cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)| ≤ ϕ(q)
and the upper bound follows.
For the lower bound, note that
cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
strictly divides ϕ(q), hence
ϕ(q) + cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′) ≥ ϕ(q)−
1
2
ϕ(q).
The bound for ‖κ∗q‖
2
q is similar. ⊓⊔
Next we need to estimate the sums
(5.15)
∑
t∈Q
|[φ∗q|φ
∗
t ]|+
∑
t∈Q
|[φ∗q|ψ
∗
t ]|
for all q ∈ Q and
(5.16)
∑
t∈Q
|[ψ∗q |φ
∗
t ]|+
∑
t∈Q
|[ψ∗q |ψ
∗
t ]|.
for all q ∈ Q. But first, we need an a priori bound.
Lemma 5.18. We have ∑
q∈Q
σ(q)≪ε N
ε.
Proof. The sum is majorized by∑
q1≤Q1
σ(q1)
∑
q2≤Q2
σ(q22)≪ε Q
ε
∑
q1≤Q1
q1
∑
q2≤Q2
q22
≪ε Q
5+ε ≪ε N
ε.
⊓⊔
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We only show for (5.15) as (5.16) is similar. By Lemma 5.15 and 5.18,
we get that (5.15) is
N‖η∗q‖
2
q +O
σ(q)2 +∑
t∈Q
t6=q
|[φ∗q|φ
∗
t ]|+
∑
t∈Q
|[φ∗q|ψ
∗
t ]|

= N‖η∗q‖
2
q +Oε(N
ε).
This motivates the following definition. Let ε > 0 and C = C(ε) > 0
be large enough so that it dominates both (5.15) and (5.16). Next we
set
M(φ∗q) = N‖η
∗
q‖
2
q + CN
ε
for all q ∈ Q and
M(ψ∗q ) = N‖κ
∗
q‖
2
q + CN
ε
for all q ∈ Q\E .
The following result shows that we can replace M(φ∗q) and M(ψ
∗
q )
by N‖η∗q‖
2
q and N‖κ
∗
q‖
2
q respectively in the summand up to an error
term.
Lemma 5.19. If
(5.17) γq ≪ (N |t(q)|ϕ(q))
2
for all q ∈ Q or if
(5.18) γq ≪ N
2|t(q)|ϕ(q)ϕ((q1, q
′)q22)ϕ(q
′)−1
for all q ∈ Q then
(5.19)
∑
q∈Q
M(φ∗q)
−1γq =
∑
q∈Q
γq
N‖η∗q‖
2
q
+Oε(N
ε).
The same holds if we replace (φ∗q , η
∗
q ,Q) by (ψ
∗
q , κ
∗
q ,Q\E).
Proof. Taking the difference and by Lemma 5.17, it is enough to bound
(5.20) N ε
∑
q∈Q
γq
Nϕ(q)(Nϕ(q) + CN ε)
.
28 K. H. YAU
First we suppose (5.17) and recalling (5.1), we majorize the sum above
by ∑
q∈Q
|t(q)|2 ≪
∑
q1≤Q1
|t(q1)|
2
∑
q2≤Q2
q22 |q
′
|t(q22)|
2
≪ε Q
ε
∑
q1≤Q1
1
q41
∑
q2≤Q2
q22 |q
′
1
q42
≪ε N
ε.
Therefore (5.19) holds. The argument holds if we replace (φ∗q , η
∗
q ,Q)
by (ψ∗q , κ
∗
q,Q\E).
Next we assume (5.18). Using (5.20) and Lemma 5.17, we are lead
to bound
N ε
∑
q∈Q
|t(q)|ϕ((q1, q
′)q22)
ϕ(q′)ϕ(q)
.
Recalling (5.1), the sum above is majorized by
1
ϕ(q′)
∑
q1≤Q1
|t(q1)|ϕ((q1, q
′))
ϕ(q1)
∑
q2≤Q2
q22 |q
′
|t(q22)|
≪ε Q
ε
∑
q1≤Q1
1
q21
∑
q2≤Q2
1
q22
≪ε N
ε.
The same holds when we replace (φ∗q, η
∗
q ,Q) by (ψ
∗
q , κ
∗
q,Q\E). ⊓⊔
Lemma 5.20. For all A, ε > 0, we have
[g|g]−
∑
q∈Q
M(φ∗q)
−1|[g|φ∗q]|
2 −
∑
q∈Q\E
M(ψ∗q )
−1|[g|ψ∗q ]|
2
is
Oε
(
N1/2Q7+ε +NQ−21 +NQ
−1
2
)
.
Proof. Write ∑
q∈Q
M(φ∗q)
−1|[g|φ∗q]|
2 =
∑
q∈Q
βq[φ
∗
q|g]
where βq = M(φ
∗
q)
−1[g|φ∗q]. By Lemma 5.16, we replace [φ
∗
q |g] by
N [η∗q |ϑ
∗
q ] up to an error term. Indeed∑
q∈Q
βq[φ
∗
q|g] = N
∑
q∈Q
βq[η
∗
q |ϑ
∗
q ]q +Oε
(
N1/2
∑
q∈Q
βqq
3/2+ε
)
= N
∑
q∈Q
βq[η
∗
q |ϑ
∗
q ]q +Oε
(
N1/2Q7+ε
)
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after recalling (5.1) and using the bound
βq ≪ (N |t(q)|ϕ(q) + q
3/2+εN1/2)/(Nφ(q))
≪ 1
collected from Lemma 5.16 and 5.17. Reiterating again we have∑
q∈Q
M(φ∗q)
−1|[g|φ∗q]|
2
= N2
∑
q∈Q
M(φ∗q)
−1|[η∗q |ϑ
∗
q]q|
2 +Oε
(
N1/2Q7+ε
)
.
We repeat this for the other sum and in total we get∑
q∈Q
M(φ∗q)
−1|[g|φ∗q]|
2 +
∑
q∈Q\E
M(ψ∗q )
−1|[g|ψ∗q ]|
2
= N2
∑
q∈Q
M(φ∗q)
−1|[η∗q |ϑ
∗
q ]q|
2 +N2
∑
q∈Q\E
M(ψ∗q )
−1|[ϑ∗q|κ
∗
q ]q|
2
+Oε
(
N1/2Q7+ε
)
.
By Lemma 5.19, we replace M(φ∗q) by N‖η
∗
q‖
2
q up to an error term
to get
N2
∑
q∈Q
M(φ∗q)
−1|[η∗q |ϑ
∗
q ]q|
2 = N
∑
q∈Q
|[η∗q |ϑ
∗
q ]q|
2
‖η∗q‖
2
q
+Oε
(
N1/2Q7+ε
)
.
We recall from (5.14)
ϑ∗q =
6t(q)
pi2
(η∗q + κ
∗
q),
it follows
|[ϑ∗q|η
∗
q ]q|
2
‖η∗q‖
2
q
+
|[ϑ∗q |κ
∗
q]q|
2
‖κ∗q‖
2
q
=
(
6t(q)
pi2
)2
‖η∗q‖
2
q +
(
6t(q)
pi2
)2
‖κ∗q‖
2
q
= ‖ϑ∗q‖
2
q
by (5.13), (5.14) and Lemma 5.11, 5.14.
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Next, we reiterate the process and replace M(ψ∗q ) by N‖κ
∗
q‖
2
q up to
an error term. In total we get∑
q∈Q
M(φ∗q)
−1|[g|φ∗q]|
2 +
∑
q∈Q\E
M(ψ∗q )
−1|[g|ψ∗q ]|
2
= N
∑
q∈Q
|[ϑ∗q |η
∗
q ]q|
2
‖η∗q‖
2
q
+N
∑
q∈Q\E
|[ϑ∗q|κ
∗
q]q|
2
‖κ∗q‖
2
q
+Oε(N
1/2Q7+ε)
= N
∑
q∈Q
‖ϑ∗q‖
2
q +Oε
(
N1/2Q7+ε
)
.
By Lemma 5.11 we have
‖ϑ∗q‖
2
q =
(
6t(q)
pi2
)2
ϕ(q)
and thus completing the series we obtain∑
q∈Q
‖ϑ∗q‖
2
q =
(
6
pi2
)2∑
q∈Q
t(q)2ϕ(q)
=
(
6
pi2
)2 ∑
q1≤Q1,q2≤Q2
µ2(q1q2)t(q1)
2t(q2)
2ϕ(q1)ϕ(q
2
2)
=
(
6
pi2
)2 ∞∏
p=2
(
1 +
p− 1
(p2 − 1)2
+
p(p− 1)
(p2 − 1)2
)
+O
(
Q−21 +Q
−1
2
)
=
6
pi2
+O
(
Q−21 +Q
−1
2
)
.
Observe that by Lemma 5.7
[g|g] =
∑
n≤N
µ2(N − n) =
6
pi2
N +O
(
N1/2
)
and the result follows. ⊓⊔
Lemma 5.21. The sum
[f |f ]−
∑
q∈Q
M(φ∗q)
−1|[f |φ∗q]|
2 −
∑
q∈Q\E
M(ψ∗q )
−1|[f |ψ∗q ]|
2 ≪ NL.
Proof. By Lemma 1.1 and 1.2 of [21] we see that
0 ≤
∑
q∈Q
M(φ∗q)
−1|[f |φ∗q]|
2 +
∑
q∈Q\E
M(ψ∗q )
−1|[f |ψ∗q ]|
2 ≤ [f |f ].
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Therefore it is enough to bound [f |f ] and indeed we have
[f |f ] =
∑
n≤N
n≡a′[q′]
Λ(n)2 ≤ L
∑
n≤N
Λ(n)≪ NL.
⊓⊔
Lemma 5.22. For all A, ε > 0, we have∑
q∈Q
M(ϕ∗q)
−1[f |φ∗q][φ
∗
q |g] +
∑
q∈Q\E
M(ψ∗q )
−1[f |ψ∗q ][ψ
∗
q |g]
is
Sa′,q′(N)N +OA,C1,D1,D2,ε
(
NQ8L−A +NQεQ−11
)
where Sa′,q′(N) is the singular series defined in Theorem 3.1.
Proof. For simplicity all implied constant in the O(·) term may depend
on A,C1, D1, D2, ε .
Set αq =M(φ
∗
q)
−1[f |φ∗q]. By Lemma 5.16, we obtain∑
q∈Q
αq[φ
∗
q |g] = N
∑
q∈Q
αq[η
∗
q |ϑ
∗
q]q +O
(
N1/2
∑
q∈Q
αqq
3/2+ε
)
= N
∑
q∈Q
αq[η
∗
q |ϑ
∗
q]q +O
(
N1/2Q10+ε
)
by using the bound
αq ≪
Nϕ((q1, q
′)q22)ϕ(q
′)−1 + q2NL−A
Nϕ(q)
≪ε q
1+ε
provided by Lemma 5.16 and 5.17.
Now set βq = M(φ
∗
q)
−1N [η∗q |ϑ
∗
q]q . Then again by Lemma 5.16, we
have∑
q∈Q
βq[f |φ
∗
q] =N
∑
q∈Q
βq[ρ
∗
q |η
∗
q ]q +O
(
N1/2Q10+ε +NL−A
∑
q∈Q
βqq
2
)
.
By Lemma 5.16 and 5.17, we assert
βq ≪
N |t(q)|ϕ(q)
Nϕ(q)
≤ 1
and recalling (5.1) we get that the error term is O
(
NQ8L−A
)
.
32 K. H. YAU
We do the same for the other sum and we ultimately get∑
q∈Q
M(φ∗q)
−1[f |φ∗q][φ
∗
q|g] +
∑
q∈Q\E
M(ψ∗q )
−1[f |ψ∗q ][ψ
∗
q |g]
= N2
∑
q∈Q
M(φ∗q)
−1[ρ∗q |η
∗
q ][η
∗
q |ϑ
∗
q ] +N
2
∑
q∈Q\E
M(ψ∗q )
−1[ρ∗q|κ
∗
q ][κ
∗
q|ϑ
∗
q ]
+O
(
NQ8L−A
)
.
Next by applying Lemma 5.19 we replace M(φ∗q) with N‖η
∗
q‖
2
q up to
an error term and obtain
N2
∑
q∈Q
M(φ∗q)
−1[ρ∗q |η
∗
q ][η
∗
q |ϑ
∗
q ] = N
∑
q∈Q
[ρ∗q|η
∗
q ][η
∗
q |ϑ
∗
q]
‖η∗q‖
2
q
+O
(
NQ8L−A
)
.
We recall from (5.14) and (5.13) that
ϑ∗q =
6t(q)
pi2
(η∗q + κ
∗
q)
and
ρ∗q =
1q22 |q
′ · µ(q1/(q1, q
′))
ϕ(q′)ϕ(q1/(q1, q′))
(η∗q − κ
∗
q).
It follows
[ρ∗q |η
∗
q ]q · [η
∗
q |ϑ
∗
q]q
‖η∗q‖
2
q
+
[ρ∗q|κ
∗
q ]q · [κ
∗
q |ϑ
∗
q]q
‖κ∗q‖
2
q
= 1q22 |q′ ·
6t(q)µ(q1/(q1, q
′))
pi2ϕ(q′)ϕ(q1/(q1, q′))
(
‖η∗q‖
2
q − ‖κ
∗
q‖
2
q
)
= [ρ∗q |ϑ
∗
q ]q
by (5.13), (5.14) and Lemma 5.13, 5.14.
We reiterate the same procedure and replace M(ψ∗q ) with N‖κ
∗
q‖
2
q
up to an error term. In total we have∑
q∈Q
M(φ∗q)
−1[f |ϕ∗q][ϕ
∗
q |g] +
∑
q∈Q\E
M(ψ∗q )
−1[f |ψ∗q ][ψ
∗
q |g]
= N
∑
q∈Q
[ρ∗q |η
∗
q ][η
∗
q |ϑ
∗
q ]
‖η∗q‖
2
q
+N
∑
q∈Q\E
[ρ∗q|κ
∗
q ][κ
∗
q|ϑ
∗
q ]
‖κ∗q‖
2
q
+O
(
NQ8L−A
)
= N
∑
q∈Q
[ρ∗q|ϑ
∗
q ]q +O
(
NQ8L−A
)
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Next we compute the sum∑
q∈Q
[ρ∗q |ϑ
∗
q ]q =
6
ϕ(q′)pi2
∑
q∈Q
1q22 |q
′ ·
t(q)cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
µ(q1/(q1, q′))ϕ(q1/(q1, q′))
.
We complete the series and so the right hand side becomes
6
ϕ(q′)pi2
∞∑
q1,q2=1
µ2(q1q2)=1
1q22 |q
′ ·
t(q1q
2
2)cq1/(q1,q′)(N)c(q1,q′)q22(N − a
′)
µ(q1/(q1, q′))ϕ(q1/(q1, q′))
up to an error term of
≪
1
ϕ(q′)
∑
q1>Q1
t(q1)ϕ((q1, q
′))
∑
q2>Q2
µ2(q1q2)=1
1q22|q
′ · t(q22)ϕ(q
2
2)≪ε Q
εQ−11
since the number of divisors of q′ is at most Oε(Q
ε) and by recall-
ing (5.1). The singular series can be represented as an infinite product
∞∏
p=2
(
1 +
t(p)cp/(p,q′)(N)c(p,q′)(N − a
′)
µ(p/(p, q′))ϕ(p/(p, q′))
+ 1p2|q′ · t(p
2)cp2(N − a
′)
)
.
If p ∤ q′ then the term in the product simplifies to
1 +
cp(N)
(p2 − 1)(p− 1)
.
If p || q′ then the term in the product simplifies to
1−
cp(N − a
′)
p2 − 1
.
If p2 | q′ then the term in the product simplifies to
1−
cp(N − a) + cp2(N − a)
p2 − 1
.
The result follows. ⊓⊔
6. Proof of Theorem 3.1
For any h1, h2 ∈ F ([1, N ]), let us denote
〈h1|h2〉 =
∑
q∈Q
M−1(φ∗q)[h1|φ
∗
q][φ
∗
q|h2] +
∑
q∈Q\E
M−1(ψ∗q )[h1|ψ
∗
q ][ψ
∗
q |h2].
We recall f, g from (5.11), (5.12) respectively and consequently the
product
[f |g] =
∑
N=n1+n2
n1≡a′[q′]
Λ(n1)µ
2(n2).
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By Cauchy’s inequality, we assert
|[f |g]− 〈f |g〉| ≤
√
([f |f ]− 〈f |f〉) · ([g|g]− 〈g|g〉).
By Lemma 5.20 and 5.21, the right hand side is majorised by
≪A,C1,D1,D2,ε
√
NL
(
N1/2Q7+ε +NQ−21 +NQ
−1
2
)
≪A,C1,D1,D2,ε NL
1/2
(
Q−11 +Q
−1/2
2
)
.
Hence we can approximate [f |g] by 〈f |g〉 and by Lemma 5.22 we
obtain
[f |g] = Sa′,q′(N)N
+OA,C1,D1,D2,ε
(
NQ8L−A +NQεQ−11 +NL
1/2
(
Q−11 +Q
−1/2
2
))
.
Recall from (5.10) that Q1 = L
D1 , Q2 = L
D2 , and Q = max{Q1, Q2} .
Taking
D1 = C1 + C2 + 2,
D2 = 2D1,
A = 8D2 + C1 + C2 + 1
simplifies the product to
[f |g] = Sa′,q′(N)N +OC1,C2
(
NL−C1−C2−1
)
.
Notice that
Ra′,q′(N) = [f |g] +
∑
k≥2
∑
pk≤N
pk≡a′[q′]
µ2(N − p) log(p).
The double sum can be estimated crudely by∑
k≥2
∑
pk≤N
log(p) ≤
∑
2≤k≤logN
N1/k
≪ε N
1/2+ε,
and consequently
Ra′,q′(N) = Sa′,q′(N)N +OC1,C2
(
NL−C1−C2−1
)
.
If Sa′,q′(N) = 0 then there exists p
2 | q′ such that p2 | (N − a) by
our remark after Theorem 3.1. Hence Ra′,q′(N) = 0 and the result
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follows. Otherwise if Sa′,q′(N) 6= 0 and we bound from below
Sa′,q′(N)≫
1
ϕ(q′)
∏
p||q′
(
1−
1
p+ 1
)
≥
1
ϕ(q′)
exp
{∑
p≤q′
log
(
1−
1
p+ 1
)}
≥
1
ϕ(q′)
exp
(
−
∑
p≤q′
1
p
−
∑
p≤q′
∞∑
n=2
1
n(p+ 1)n
)
=
1
ϕ(q′)
exp{− log log q′ + O(1)}
≫C1 L
−C1−1.
Therefore
NL−C1−C2−1 ≪C1,C2 Sa′,q′(N)NL
−C2
and so
Ra′,q′(N) = Sa′,q′(N)N
{
1 +OC1,C2
(
L−C2
)}
.
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